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Abstract. In present note we establish the following inequality for the the 
Leray-Hopf solutions of the 3-D C-periodic Navier-Stokes Equations: 

<P(\u(t)\ 2 ) - HHto)\ 2 ) < 2 J* 0'(Kt)| 2 ) [-vlA^M-Of + CffW,u(T))] dr 

for all to Leray-Hopf points, t > to, and <j> : -> 1 is an absolutely con- 
tinouos non-decreasing function with bounded derivative. Here (-,-) and | ■ | 
is correspondingly the L 2 inner product and the L 2 norm on Q, and A is the 
Stokes operator. 



1. PRELIMINARIES 

We consider three dimensional incompressible Navier-Stokes equations (NSE) 

j t u(t, x) - vAu(t, x) + (u(t, x) • V)u(t, x) + V P (t, x) = f (t, x) 

V • u(i,x) = 0, 

where x6K 3 ,ieR; and u(t, x), f (t, x) G M 3 and p(t,x) £ K for all f and x. We 
supplement (jl.ip with periodic boundary conditions 

u,p, f are f2 — periodic, 

(1.2) f f 

J u(t, x) dx = and / f (i, x) dx = for all t, 
Jn Jn 

where 

0= [0,Lf, 

and the initial condition 

u(0,x) = Un(x) for all x, 

(13) 

u satisfies (Oil . 



Taking the Leray projector Pi of (|l.ip we obtain 

(1.4) ^u + i/Au + B(u,u)=g, 
where 

,4u = -Pi Au, B(u,u) = Pl(u- V)u, and g = P L {. 
We introduce the following functional space 

(1.5) H = ju : u - - periodic, u G L 2 (tt) 3 , V • u = 0, J u = o| 
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For any u, v G H denote 

(u,v) = / u 

and 



|u| 2 = / u- u. 

n 

the L 2 inner product and norm on H. Note that A : D(A) G H — > H is a 
positive self adjoint operator with a compact inverse; its domain D(A) is dense 
in H. Denote by Xk, k G N, its eigenvalues arranged in the increasing order and 
counting the multiplicities. We also introduce the functional space 

(1.6) V = {u G H : u G H 1 ^) 3 } = ju G H ; u G Z)(A 1/2 )| . 
Define the inner product and the norm on V by 

((U ! V)) = (A 1 /2 U) A 1 /2 V ) 

and 

||u|| 2 = l^ul 2 

for all u, v G V. Note that 

Ai|u| 2 < ||u|| 2 

for all u G V. 

The bilinear operator B has the following orthogonality property: 
(_B(u,v),w) = — (B(u, w), v), for all u, v, w G V, 
and consequently 

(B(u,v),v) = 0, for all u,v G V. 

In this paper we study weak solutions of the NSE, i.e. ii- valued functions u(t) 
that satisfy 

j f (u(t), v) + i/((u(t), v)) + (fl(u(t), u(t)), v) = (g(t), v) for all v G V. 

For more background on the Leray-Hopf solutions of Navier-Stokes equations 
and on the functional setting used here consult [TJ [3J [21 [71 |H1 H] 

The principal result about the existence of the weak (Leray-Hopf) solutions of 
the NSE can be stated as follows. 

Theorem 1.1. Let u G H and g G L 2 ([0, T],H), wh ere T > given. Then there 
exist a weak solution u G £ 2 ([0, T], V), which is weakly continuous as a function 
from [0,T] to H . 

Moreover, the following inequality holds 

(1.7) |u(i)| 2 -|uM 2 <2 A-H|u(r)|| 2 + (g(r),u(r))] dr 

J to 

for all to > Lebesgue points of |u(t)| 2 and all t G [io ; T]. 

In fact, the set of Lebesgue points of |u(r)| 2 is dense in [0, T] and includes to = 
and any to such that u(to) G V. 

Under the additional assumptions on the initial data, one gets local existence of 
the regular solutions of the NSE. 
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Theorem 1.2. Suppose uo G V and g € L 2 ([0,T], H). Then there exists T* = 
T*(||uo||) v-i 0) > such that the weak solution u from Theorem li.il is unique on 
[0,7;] and u G L 2 ([0, T»], D(A)) D C([0, T„], fie. u is regular on [0,T*]). More- 
over, the inequality (j 1 . T[) becomes equality for all to,t G [0, T*], t > to- 

It is important to mention that any weak solution of the NSE is regular on the 

set 

Q = U n I nt 

where {I n }n is a countable family of disjoint intervals with c\(Q) — [0,T], and the 
fractal dimension of [0,T]\Q less or equal to 1/2. 



2. Proof of the main result 



Theorem 2.1. Let g G L 2 {[0,T],H) and suppose u is a weak solution for the 
NSE. Let <p ■ K + — > M fee an absolutely continouos non- decreasing function with 
<j>' G T/ien t/ie following inequality holds 

(2.1) <H|u(t)| 2 )-0(|u(t o )| 2 )<2 r^(|u(r)| 2 )[-^||u(r)|| 2 + (g(T),u(T))] aV 

Jt 

for all to G [0,T] - Lebesgue point for |u(r)| 2 and all t G [0, T], t > to. 

Proof. Let io,t G [0,T], t > to, io - Lebesgue point for |u(r)| 2 . Let 

M = essup re[tot] (/)'(|u(r)| 2 ) 

Choose an e > 0. Then there exists S — 5(e) > such that, for any countable 
family of disjoint intervals {[t n ,r„]} C [to,t] such that J2 n ( Tn — < ^> 



(2.2) 
and 



M 



g(r)| ; 



U„ t„,T„ 



< e 



(2.:-!) y 0'(|u(r)| 2 )[-H|u(r)|| 2 + (g(r),u(r))] dr 

U„[t„,T„] 

Recall that u is regular on a set 

5 = U„/„, 

where int(J n ) = (a n ,(3 n ) and $^ n (j8n ~ a «) — t ^^o- Clearly, inside each of the 
intervals (a n ,/3 n ) we have 

<M|u( Sl )| 2 ) - <M|u( So )| 2 ) = 2 r 0'(|u(r)| 2 ) [-H|u(r)|| 2 + (g(r), u(r))] dr 



for all s ,si G (a„,/3„), s < si- 

Note that there exists N = N(5) such that 



A 



Y^{Pn-a n ) >t-to-S/2. 



n=l 
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Re-arrange these first N intervals such that /3 n < a n +i for all n = 1..N — 1. Choose 
T n -i,t n S (a„,/3„), n = 1..N and tjv = i, so that r n _i < t n < r n for n = l..iV and 



n=0 

Then, by the (FTTH). 



|u(r„)| 2 - |u(<„)| 2 < 2^" [-H|u(r)|| 2 + (g(r),u(r))] dr, 
for all n = O.JV. Then, 

(2.4) |u(r n )| 2 ~|u(t„)| 2 < |u(r„)| 2 -|u(t n )| 2 + ^^ r " ||u(r)|| 2 dr < jf" dr, 

for all n = 0..AT. On the other hand, since <j> is increasing, 

0, if |u(t„)| < |u(i r , 



0(|u(r„)| 2 )-0(|u(t n )| 2 ) < 
Use (I2~4l) to obtain 



M(|u(r„)| 2 - |u(i„)| 2 ), otherwise. 



0(|u(r„)| 2 ) - <MKU| 2 ) < M / M^dr. 



Thus, taking into the account (|2.2[) and (|2.3|) . we can estimate 
(2.5) 0(|u(t)| 2 )-0(|u(i o )| 2 ) 

N N 



= J2 (^(Krf) ~ <X|u(i„)| 2 )) + (<KKU| 2 ) ~ cb(\n(r n ^)) 

7i—0 n—1 

U»[t»,T»] " = 1 T " _1 

W /•tn 

<( + ^2 *(r)dr<2e + 2/ *(r)dr 

71=1 "' T n-1 ~'*0 



where 



*(r) = 0'(|u(r)| 2 ) [-H|u(r)|| 2 + (g(r),u(r))] . 
Returning to (|2.5I) . make e — > to obtain (|2.ip . 



□ 



Corollary 2.1. Under the assumptions of Theorem \2.1[ let iji € C 1 (M+,M) 6e suc/i 
£/ia£ ip'(£) < /or all t; > 0. Then the following inequality holds 

(2.6) ^(|u(i)| 2 )-^(|u(t )| 2 )>2 /V'(|u(r)| 2 )[-H|u(r)|| 2 + (g(r),u(r))] dr 

for all to G [0,T] - Lebesgue point for |u(r)| 2 and all t £ [0, T], t > io- 

Proof. This result follows by applying Theorem 12. fl to <j> = —ip. □ 
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